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Dissolution and Reprecipitation in Porous 
Solids 

When a porous solid dissolves in acid, the dissolved solid can diffuse both into 
the bulk solution and into the solid’s pores. In  some cases, these dissolved species 
can precipitate in the pores, making the solid less permeable to acid. In other cases, 
the surface dissolution can produce precipitation near the surface and dissolution 
well below the surface. The results have implications for corrosion, including the 
demineralization of teeth. 

E. L. CUSSLER 
Department of Chemical Engineering and 

Materials Science 
University of Minnesota 
Minneapolis, MN 55455 

SCOPE 

This work explores how diffusion and chemical reaction af- 
fect corrosion of porous ionic solids. It develops an approximate 
theory for this corrosion, and verifies this theory with qualitative 
experiments. This work emphasizes a different situation than 
most studies of the corrosion (Shreir, 1976). In the more common 
studies, acid attacks an impermeable metal. The rate of this 
attack depends on the speed of acid diffusion to the metal sur- 
face and the kinetics of the acid-metal reaction at  this surface. 
These kinetics are often influenced by fast electron transport 
in the metal. Because diffusion and chemical reaction occur 
sequentially, the overall corrosion rate depends on the sum of 
the resistances of diffusion and of reaction. 

In this study, acid attacks a porous ionic solid. Again, the rate 
of attack is affected by acid and ion diffusion and by any 
acidsolid chemical reactions. Now, little electron transport 
occurs in the ionic solid. Now, diffusion and reaction occur 
within the pores of the solid. The overall rate of reaction now 

is more analogous to the idea of an effectiveness factor than to 
the more familiar idea of resistances in series (Carberry, 
1976). 

This work is limited to cases where much of the corrosion 
occurs within the solid’s pores. I t  emphasizes cases where the 
acid-solid reaction is anything but first order. First order cases 
produce expected and routine results; non-linear examples lead 
to  interesting answers. The basic strategy used in the work is 
to assume that the reactions are all diffusion controlled, but 
subject to non-linear chemical equilibria between the various 
ionic species present. These assumptions are  roughly parallel 
to  those used in metallurgy to explain unexpected phase sepa- 
rations (Kirkaldy and Brown, 1963). Their consequences are 
explored using mathematical approximations developed for 
membrane transport (Ward, 1970; Cussler, 1971) and for the 
theory of fog formation (Toor, 1971a,b). These consequences 
lead to a startling spectrum of surprising results. 

CONCLUSIONS AND SIGNIFICANCE 

When a n  acid attacks a porous ionic solid, it often dissolves 
the material near the solid’s surface. When this dissolved ma- 
terial and the acid both diffuse into the solid’s pores, they pro- 
duce a variety of effects. These include: 

(1) Further dissolution of the solid when the solid’s solubility 
depends on the acid concentration to less than the first 
power. 

ISSN 0001-1541-82-5667-0$2.W. 0 The American Institute of Chemical Engineers, 1982. 

(2) Precipitation of more solid in the pores when the solid’s 
solubility depends on the acid concentration to the second 
power. 

(3) Precipitation of one compound and dissolution of a second 
compound when the porous solid is a mixture. 

(4) Precipitation of the solid in one region and dissolution of 
this solid in a different region. 

These results are predicted from the theory developed below. 
The theory assumes that the non-linear reactions during the 
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dissolution are a t  equilibrium, governed by the diffusion of the 
species present. All these species are  assumed to  have equal 
diffusion coefficients. The theory’s predictions are qualitatively 
verified by experiments reported in this paper. 

The results are of interest in a variety of fields. The corro- 

sionengendered precipitation suggests how porous solids might 
be altered to inhibit dissolution. This is particularly true for 
hydroxyapatite, the chief mineral in human teeth. The distinct 
regions of precipitation and dissolution also seem similar to 
some Liesegang phenomena (Stem, 1967). 

INTRODUCTlON 

Imagine a porous ionic solid like that shown in Figure 1. When 
an acid attacks this particular solid, it dissolves. How this dissolution 
occurs depends on the relative speed of diffusion and reaction, both 
of the acid and of any dissolved material. When the bulk of the 
solution next to the solid is rapidly stirred, the acid can diffuse to 
the solid’s surface very quickly. It then reacts with the solid’s sur- 
face. If the solid is essentially impermeable, containing a very few 
pores, then any ions produced by the dissolution are quickly swept 
back into the bulk solution. Such a process represents a first im- 
portant limit of corrosion. 

Alternatively, imagine that the solution next to the solid is not 
well stirred, and that the solid is highly porous. In this case, the acid 
concentration will drop as it approaches the solid’s surface, and 
continue to drop within the solid’s pores. The ions produced as the 
result of the acid-solid reaction will be present in highest concen- 
tration near the solid’s surface. From this maximum, they can 
diffuse out into the bulk solution or further into the porous solid. 
Notice that the ions near this maximum can be present at very 
different concentrations than those in the bulk solution. The acid 
concentration may be lower than its bulk value, and the metal ions’ 
concentrations will usually be higher. This point will be important 
later. 

To understand this porous case, we need to describe more exactly 
the diffusion and reaction occurring within the solid. Such a de- 
scription is the primary objective of this paper. To achieve this 
objective, we make three principle assumptions. First, we assume 
that all the chemical reactions in the solid are much faster than the 
diffusion. Second, we assume that the diffusion coefficients of all 
species are equal. Third, we assume that dissolving solid is present 
in excess. 

These assumptions deserve a more careful justification. The first 
one is closely approached if the second Damkohler number is large, 
i.e. if 

P2 
2 >> 1 
Or 

------ 

- I 
Figure 1. Corrosion of a porous Ionic solld. In thls schematic representallon, 
add difiuses from lefi to rlght, and is consumed by chemical reaction with the 
d id .  Metal ions produced by this corrosion both are lost into the external 

dution and dmUse into the solid‘s pores. 

where C is the distance over which diffusion occurs, D is the dif- 
fusion coefficient, and 7 is the time of reaction. In the systems 
studied here, C is a t  least a millimeter, D is about cm2/s, and 
T is around 

The assumption of equal diffusion coefficients is less accurate 
because proton diffusion is about five times faster than almost any 
other ion (Robinson and Stokes, 1960). If proton diffusion were 
infinitely rapid, then the solution would be homogeneous, and the 
solid would dissolve equally everywhere. Thus this assumption will 
tend to underestimate the amount of dissolution. We could remove 
it by solving the appropriate equations numerically, or by re- 
stricting ourselves to steady state diffusion problems. Fancy nu- 
merical calculations seem premature, and steady state restrictions 
seem inappropriate. Accordingly, I have made this assumption and 
postpone improvements. 

The third assumption, that the porous solid is present in excess, 
also produces a tremendous mathematical simplification. It insures 
that the interface between the solid and the bulk remains fixed and 
does not move with time. It also means that we need not be con- 
cerned with effects like nucleation and supersaturation, effects 
which obscure problems like fog formation (Toor, 1971a). If this 
assumption is not made, the resulting moving boundary problem 
must be numerically solved for each different stoichiometry. 
Without the approximate analysis in this paper, we do not know 
which stoichiometries are most interesting. However, such an a p  
proximation does imply a discontinuity in the flux at the solid-bulk 
solution interface. This seems to me similar to the discontinuity in 
mobile carrier flux often assumed at a membrane interface in 
studies of membrane transport (Ward, 1970; Cussler, 1976). Like 
the membrane assumption, that made here can be justified as a first 
approximation. 

s (Pilling, 1975), so this inequality easily holds. 

THEORY 

To put these ideas on a more quantitative basis, we consider a 
dilute solution of N solutes in a solvent at constant temperature and 
pressure. The N solutes are subject to J chemical equilibria. Thus 
from the phase rule, ( N  + 1 - J) species are independent (King, 
1969). However, the diffusion equations for this system are subject 
to the restraint that the volume average velocity is zero (Cussler, 
1976). As a result, we do not write a continuity equation for the 
solvent, but treat the solution as containing N solutes, N - J of 
which are independent. 

Arbitrarily, we call the dependent solutes 1 ,2 ,  . . . (n - 1) and 
the independent ones n, n + 1, . . . N, where n equals N - J. We 
then can write the chemical equilibria in the form 

(1) Ck = C k ( C n . .  .CN) k = 1 . .  .n - 1 
The diffusion of any of the solutes is given by 

dCi  - d2C. 

dt dx2 ,=I 
- - D L +  6 uijrj i = 1  . . .  N 

in which D is the diffusion coefficient, assumed equal for all 
species; and the v i j  are the stoichiometric coefficients for the re- 
action r j .  As is usual, the v*, are taken as negative for reactants and 
positive for products. Note that the rj are non-zero, but are not 
functions of chemical kinetics. Their finite size reflects coupling 
between diffusion and chemical equilibria. 

Because of the chemical equilibria in Eq. 1, not all of the con- 
centration gradients are independent: 
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(3) 

k = l  . . .  n - 1  (4) 
We can substitute these results into the first (n - 1) equations to 
find 

= D C  Z - 2  d2ck (:%)(:;) - 
e=n  m=n dcedc, 

+ 5 vkjrj k = 1 . . . n - 1 (5) 

We insert the continuity equations force and simplify to find the 
reaction rates 

j=l 

or 

in which A;’ is an element of the inverse matrix of 

We can now calculate the rates of reaction from Eqs. 7-8. 
The complicated algebra of Eq. 7 obscures the physical signifi- 

cance of the results. To start to clarify this significance, we first 
write out the mathematical results for four special cases. In the 
discussion which follows, we will connect this formalism with 
specific chemical systems. While the four special cases do eliminate 
some possible stoichiometries. they seem the best route out of an 
otherwise impenetrable thicket. 

Case 1: Two Solutes and One Chemical Reaction. an this sim- 
plest nontrivial case, the chemical equilibrium has the form 

clull = K1c2-Y21 

The rate of chemical reaction then becomes 
(9) 

{%(” + l)} (10) 
v11 v11 

Note that this result predicts that the reaction rate does not depend 
on the sign of the concentration gradient. Moreover, because the 
quantity in square brackets must be positive, the quantity in braces 
controls the sign of the reaction, and hence whether there is pre- 
cipitation or dissolution within the solid. 

Case 2: Three Solutes and Two Reactions. In this case, the 
chemical equilibria have the form 

,yll c;21 = ~ ~ ~ ; Y 3 1  (11) 

To save space, we write out only one of the reactions: 

The second reaction can be found by rotating the indices. Note that 
the simple second derivative in Eq. 10 is now replaced by a dif- 
ference in second derivatives. This difference is caused by coupling 
between the two reactions. 

Case 3: Three Solutes and One Reaction. Here, the chemical 
equilibrium is 

(14) ,i l l  = K1c~!JZlc;W 

The rate of this reaction is 

dC1 dCl 
dcz dcg 

~ 1 1 - - ~ 2 1 - - ~ 3 l  

1 

r l  = -D 

r 

This reaction can be either negative or positive, depending on the 
boundary conditions in the problem. In other words, the solid can 
either precipitate or dissolve. 

Case 4: Four Solutes and Two Reactions. This is the most 
complicated case considered here, riddled with fancy algebra. 
Here, we assume c1 and c2 are concentrations dependent on both 
c3 and c4, so 

in which the Aij are given by Eq. 8 and 

(18) 
The values for r2 can be found by rotating the indices. This case 
includes the attack of an ionic solid by a buffered acid, and so is 
practically important. 

At this point, the reader may feel that writing out special cases 
to clarify physical significance was an exercise in futility. To reduce 
this feeling, we further specialize the special cases by considering 
specific chemical systems in the discussion which follows. 

DISCUSSION 

The equations developed above describe what happens when 
acid attacks a porous solid. At the interface between acid and solid, 
the solid dissolves. The acid and the ions produced then both diffuse 
into the solid’s pores. Within these pores, these species may either 
promote more dissolution or effect new precipitation. Which 
processes occur depends on the stoichiometry of the possible re- 
actions. As in the theory above, the effects of this stoichiometry are 
most easily discussed in terms of the four special cases introduced. 
At this time, we intend only a qualitative description; more 
quantitative experiments are reserved for later papers. 

Case I: Two Solutes and One Chemical Reaction. To begin, we 
consider the case of a pure porous solid attacked by acid. Such a 
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system has two solutes, the dissolved solid and the acid. At equi- 
librium, the dissolved solid’s concentration is a function of the local 
acid concentration. Such a system seems simple and pedestrian. 

The unexpected result occurs when the solid’s solubility is pro- 
portional to concentration greater than the first power of acid 
concentration. In this case, the dissolution rate r l  is predicted by 
Eq. 10 to be negative, i.e. the precipitation rate is positive. Such 
a prediction assumes that the dissolution is much faster than dif- 
fusion, and that all diffusion coefficients are equal. 

To check this prediction, I first prepared fresh Ca(0H)z by 
mixing reagent grade CaC12 and NaOH. After washing the pre- 
cipitate, I made a dilute suspension in 8% gelatin, and allowed the 
solution to gel in the lower half of a test tube. I then added 1N HCI 
on top of the gel, and watched the turbidity of the suspension. The 
suspension was initially homogeneous. However, as the solid dis- 
solved, I saw a sharp band of more concentrated solid near the in- 
terface between the acid and the suspension. A picture of this 
precipitated band is shown in Figure 2. Measurements of the tur- 
bidity of the suspension made with a GCA McPherson model EU 
700 spectrophotometer also show this band (Figure 3). As an ad- 
ditional check, I cut the gel into sections with a razor blade, and 
measured the amount of solid gravimetrically. In the region of the 
band, the solid concentration was twice as great as in the rest of the 
suspension. 

Next, I prepared a gel-stabilized suspension of AgzO in a fashion 
parallel to the above, and added 0.1N HN03 to this system. Here, 
no band was visible, as shown by the turbidity measurements in 

. Figure 4. There is, however, a residual brown color, caused by 
submicron particles of colloidal silver. Results for CaSOs attacked 
with HCI also show no band. 

The theory above is consistent with these results, as shown in 
Table 1 by special cases of the general equations. For Ca(OH)Z, the 
reaction rate r l  is always negative, indicating precipitation within 
the solid. For CaS04, it is always positive, suggesting the turbidity 
observed. For AgzO, it should be zero, suggesting a uniform tur- 
bidity in the gel. This is not observed, probably because the dif- 
fusion of a proton is faster than that of a silver ion. 

The precipitation and dissolution shown in Table 1 can be an- 
ticipated in another way. For example, for Ca(0H)z attacked by 
acid, we see from Table 1 that 

~1 = K ~ c ;  (19) 

If there were no dissolution or precipitation, then we would have 
a diffusion process described by 

> 
k 
0 m 
[II 
3 
F 

cn 

z 
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g 
[II 
I- z 
W 
0 z 
0 
0 

0 
-I 

2 

TIME = 0 

TIME = 2 HRS 

TIME = 24 HRS 

I I I I I I I 

0 3 6 
DISTANCE FROM- GEL INTERFACE, CM 

Figure 3. Turbldlty during dibsolutlon of a Ca(OH), suspension. This dissoMian, 
explained in Figure 2, shows an increase in turbidity just in front of the ad- 
vancing acid front. Such increased turbidity is predicted in the theory devel- 

oped here. 

If the boundary conditions on both solutes have the same mathe- 
matical form, then 

We now define 

TIME = 0 

TIME = 2 HRS 

rr TIME = 24 HRS 

t = O  HRS. 1 HR. 1 DAY 
Figure 2. Precipitation during dissolution of Ca(OH)% A suspension of fresh 
Ca(OH), stabilized in gelatin was dissolved with hydrochloric acid. As the 
dissolution progressed, additional Ca(OH), was precipitated in front of the 

diffusing acid, as predicted by this paper. 

0 3 6 
DISTANCE FROM GEL INTERFACE, CM 

Figure 4. Turbidity durlng dissolution of a AgPO suspension. This dissoiutlon 
show no maximum indicating precipitation engendered by the dissolution. 

Additibnai aspects of this case are discussed in the text. 
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If f(c2) is negative, c1 caused by diffusion will tend to be higher 
than that allowed by reaction, and precipitation will occur. If f(c2) 
is positive, then c1 as governed by diffusion will tend to be below 
that caused by reaction, and dissolution will take place. This type 
of argument has been used with good success for problems in phase 
separation, including spontaneous emulsification (Coates and 
Kirkaldy, 1968; Ruxhak and Miller, 1972; Benton et al., 1981). It 
will be used again in some of the more elaborate cases below. 

Case 2: Three Solutes and Two Reacths.  We next consider a 
porous solid made of two materials, both of which are attacked by 
acid. Such a system contains three solutes, the acid itself and the 
two dissolved materials. If the two materials dissolve with different 
stoichiometries, then Eq. 13 predicts that one can precipitate and 
the other dissolve. 

To check this prediction, I made a gel-stabilized suspension of 
Ca(OH)2 and AgzO, each prepared as described above. I then 
poured 0.1N HN03 on top of this suspension. The dramatic results 
are shown in Figure 5. Near the region where the acid is attacking, 
a white band of Ca(OH)2 forms almost immediately. Below this 
band, there is a region with almost no solid; s t i l l  farther down, there 
is a tan, partially demineralized region of mixed Ca(OH)2 and 
AgzO. These three regions move down the tube as the experiment 
proceeds. 

Effects like these can be much larger than those observed in Case 
1 because of competition between the two reactions. Such effects 
will occur in mixtures of Ca(OH)2 with Cam4,  CaCO3, or 
CaHPOs. 

Case 3: Three Solutes and One Reaction. We next turn to the 
dissolution of one solid by a mixture of two solutes. As before, these 
solutes dissolve the solids surface. As before, the ions produced by 
this dissolution can diffuse into the solid's pores. As before, these 
differing ions can promote either precipitation or dissolution in the 
pores. 

The predicted results for two examples of this case are given in 
Table 1. Other examples can be easily found from Eq. 15. Attack 
of calcium tartrate by a mixture of hydrochloric and tartaric acids 
always leads to precipitation in the pores. Attack of calcium car- 
bonate with a mixture of hydrochloric and carbonic acids can give 
both precipitation and dissolution. 

The value of these results is compromised because the equations 
written in Table 1 imply very real chemical approximations. For 
example, tartrate is assumed to exist only as solid calcium tartrate 
or as unionized tartaric acid; no tartrate ion or hydrogen tartrate 
ion is allowed. Similarly, carbonate is assumed to exist only as solid 
or as bicarbonate ion; no dissolved carbonate ion, carbonic acid or 
carbon dioxide is allowed. Such assumptions are evidence of major 
yet largely implicit stoichiometric approximations made in this 
paper. In the simple limits studied here, such approximations are 
not important, but in more complex cases, they may turn out to 
be. 

Case 3 does produce situations where mixed solute attack can 
produce dissolution in some regions and precipitation in others. To 
investigate this further, we recognize that in the absence of solid 

We then parallel Eq. 23 to define 

For precipitation near r]  = 0, we must have df/dq < 0 for disso- 
lution near 77 = 1, we must have df/dg < 0. We can derive general 
inequalities for these conditions, but they are sufficiently com- 
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t =O.O HRS. 0.2 HRS. 0.8 HRS. 2.0 HRS. 17.0 HRS. 
Flgure 5. Precipitation of Ca(OH), enhanced by dissolution of Ag20. In this experiment, a mixed suspension of Ca(OH)2 and A g p  is dissolved by HNOI. Additional 

hydroxide precipitates as the while band while the silver oxide dissolves. This behavior is predicted by this paper. 

plicated to be hard to understand. One useful special case occurs 
when c3, is zero. Then one may show that if (E) k- 1) > 1 + E > o  
solid will precipitate near TJ = 0, i.e., near the solid’s surface; and 
dissolve near TJ = 1, i.e. in pores well below the surface. This cal- 
culation suggests a strategy for Case 4 which is algebraically 
complicated but chemically realistic. 

Case 4: Four Solutes and Two Reactions. The final case of in- 
terest occurs when a single solid is attacked by an acid buffer. The 
buffer typically contains a strong acid and the salt of a weak acid. 
The resulting solution contains protons, weak acid anions, and 
unionized weak acid, as well as any dissolved material. Such 
chemical complexity is reflected in the mathematical descrip- 
tion. 

We again are especially interested in cases where the acid’s at- 
tack produces both precipitation and dissolution. As an illustrative 
case, we consider a porous calcium salt attacked by a buffer of a 
strong acid and the salt of a weak acid. Within the solid’s pores two 
chemical equilibria hold: 

C1 = K1C4-Y41 (27) 

~2 = K Z C ~ C ~  (28) 

where the ion subscripts are assigned like those for the examples 
of Case 4 given in Table 1. Notice that the first reaction implies 
that solid is present, but the second does not. The concentration 
profiles in the absence of solid are 

The sums of concentrations (c2 + c3) and (c2 + c4) are an artifact 
of removing reaction (Eq. 2) during the calculation of the con- 
centration profiles (Cussler, 1971; Cussler and Evans, 1980). Again, 
we can define f (a )  by analogy with Eq. 23 and Eq. 25; again, we 
can use df/da as a guide to when the solid dissolves or precipitates. 
Again, we are hampered by formidable algebra. 

As in Case 3, we can learn much by looking at the special case 
in which c4- = cl, = 0. Here, we find precipitation near the sur- 
face and dissolution well below the surface if 

(30) 

This means that Ca(OH)2 will never show this behavior because 
~ 4 1  is minus two. It means that CaC03 and Ca3(PO4)2 can show this 
behavior because ~ 4 1  is greater than minus one. 

Implications for Corrosion. The analysis above shows how the 

C3m/C30 - > v41 + 1 > 0 
c40/c20 + 1 

attack of a porous solid can produce a combination of precipitation 
and dissolution. Such a combination has intriguing implications 
for the corrosion of many porous ionic materials. As an example 
of these implications, we consider the decay of teeth in somewhat 
more detail. 

Teeth are largely made of the mineral hydroxyapatite, com- 
monly described as a non-stoichiometric calcium phosphate (van 
Wazer, 1956; Corbridge, 1974). The usual formula given for this 
material is C ~ ~ O ( O H ) ~ ( P O ~ ) C .  However, the Ca/P ratio in this 
crystalline mineral can range from 1.3 to 2. This variation is due 
to substitution of -OH and -PO4 groups both within and at the 
surface of the crystals. This much ambiguity gives an excellent 
justification to the name hydroxyapatite, for it is derived from the 
Greek noun meaning “deceiver.” 

Tooth decay results from bacteria growing in a polysaccaride 
gel called “plaque” which is attached to the surface of the teeth. 
These bacteria metabolize sugars, especially sucrose, to produce 
acids which attack the teeth. Lactic acid is the most common. 
However, when teeth are attacked by acid, they often do not dis- 
solve evenly. Some demineralization occurs at the surface; more 
occurs well below the surface. Near the surface, there is a region 
of remineralization where solid evidently precipitates. Such a 
combination of dissolution and precipitation produces what is 
clinically called a “white spot,” believed to be a first step in the 
formation of dental caries (Mandel, 1979). Such phenomena are 
closely associated with diffusion into the tooth, and seem less af- 
fected by reaction kinetics (Featherstone et al., 1979). 

The analysis in this paper suggests two different ways in which 
this precipitation and dissolution might occur. First, teeth might 
behave as a mixture of Ca(OH)2 and CaHP04, i.e., as an example 
of Case 2. Second, teeth might behave like crystals of Ca3(PO4)2 
attacked by mixed acids, i.e., as an example of Case 4. 

The first idea, that teeth behave as a mixture of Ca(OH)2 and 
CaHP04 is consistent with the past suggestions that hydroxyapatite 
is a “solid solution” of these two materials (van Wazer, 1956). If 
it does behave in this way, then its dissolution rate can be calculated 
from Eq. 13 to give the equations in Table 1. These equations 
predict that CaHP04 will dissolve at the solid’s surface, but pre- 
cipitate within the solid’s pores. They also predict that Ca(OH)2 
will dissolve at the tooth’s surface, precipitate in the pores near the 
surface, and may dissolve well within the solid. Such a prediction 
implies that the Ca/P ratio should vary near a white spot. 

The nature of this change from precipitation to dissolution can 
be made clearer by examining the dissolution rate of Ca(OH), 
given as rl  in Table 1. The key to the sign of r l  is the quantity in 
braces. If this quantity is positive, dissolution occurs; if it is negative, 
precipitation takes place. The sign of this quantity is a function of 
two dimensionless variables, K1~3  and K&. Values of these two 
variables which produce dissolution and precipitation are shown 
in Figure 6. 
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Figure 6. Preclpliation and dosolution of Ca( OH)z in the presence of CaHPO,. 
The quantities K1, Kz, and CQ are defined for this example of Case 2 in Table 
1. The arrow shows the rewH of an acid of concentration given by the triangle 

diffusing into a porous solid containing both Ca(OH)z and CaHP04. 

During the diffusion of acid into a porous solid, the acid con- 
centration will drop as illustrated by the arrow shown in Figure 
6. At the solid’s interface with the bulk solution, the acid concen- 
tration is shown as a triangle. At the slightly lower concentrations 
near this interface, Ca(OH)2 will precipitate. At the greatly reduced 
acid concentrations well within the solid’s pores, Ca(OH)2 will 
dissolve. Such a change from precipitation to dissolution corre- 
sponds to that observed in teeth. 

The second idea, that teeth behave like Ca3(P04)2, also leads to 
predictions of remineralization near the tooth’s surface and de- 
mineralization well below the surface. In fact, the solid need not 
behave as this mineral alone, but only have a solubility which de- 
pends on less than the first power of acid concentration. If this is 
the case, the right hand inequality in Eq. 30 holds. Such a solubility 
is expected for any combination of CaHP04 and Ca3(P04)2. 

The Occurrence of both precipitation and dissolution depends 
on the concentration of buffer, as suggested by the left hand in- 
equality in Eq. 30. This inequality requires that csm must be greater 
than ~ 3 0 .  Specifically, when Ca3(PO4)2 is attacked by buffered 
lactic acid, this inequality requires that the concentration of free 
lactate ions in the pores must exceed that at the solids surface. Since 
the surface is at low pH, the lactate there may largely be union- 
ized. 

These arguements can be put on a more quantitative basis by 
using Eq. 30 to calculate the results in Figure 7. For pure 
Ca3(P04)2, ~ 4 1  is -0.4, satisfying the right hand inequality. To il- 
lustrate the left hand inequality, we assume that the total lactate 
concentration is constant. We also assume that well into the solid, 
the pH is so high that all lactate is ionized, that total lactate equals 
~3 , .  We then can calculate the lactate ion concentration at the 
solid’s surface, using the value of K2 for lactate of 7,250 M-l. The 
results in Figure 7 show that precipitation and dissolution occur 
when both lactate and acid concentrations are high. The results also 
show that only dissolution will occur if either lactate or acid con- 
centration is very low. Such predictions are consistent with many 
features of the formation of dental caries (Featherstone et al., 
1979). 

Finally, I want to speculate on the relation between these results 
and the unexplained phenomenon of Liesegang rings. I do so with 
trepidation, for I am unsure of the relation. However, I find that 
whenever I describe this research, many in my audience assume 
that my work is an explanation for these rings. 

Liesegang rings can occur when two salts diffuse together to 
form a precipitate (Stern, 1967). Under some circumstances, the 

Dissolution Only - I  d) 

pH Outside Solid 
Figure 7. Porous Ca3(P04), dlssolutlon In buffered lactk acld. At high acid 
and lactate concentrations, the solid porous Ca3(P04)2 should dissolve at the 
surface, precipitate near the surface, and dissolve again well below the sur- 

face, according lo the theory given here. 

precipitate will not occur at a single reaction front, but in periodic 
bands or rings spaced unevenly through the solution. For example, 
rings of Mg(OH)2 appear when NH40H diffuses into a gel con- 
taining MgC19. No explanation for these effects is widely ac- 
cepted. 

The phenomena in this paper are like Liesegang rings in that 
diffusion and reaction are coupled, sometimes in a gel. In both 
cases, the coupling produces intuitively unexpected precipitation 
and dissolution. In this paper, the analysis assumes equal diffusion 
coefficients, no supersaturation, and non-linear chemical equilibria. 
It does not apply when precipitated solid is absent. In most Liese- 
gang research, the analyses assume unequal diffusion coefficients, 
supersaturation, and linear chemical kinetics. They emphasize cases 
where all precipitated solid is absent. As a result, I do not believe 
that this paper is an explanation of Liesegang rings. The approaches 
seem to me complimentary. Both exemplify the fascinating spec- 
trum of effects possible during the dissolution and precipitation 
of porous solids. 
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NOTATION 

= matrix element given by Eq. 8 
= vector element given by Eqs. 17-18 
= concentration of species “i” 
= concentration at the surface of the solid and well into 

= diffusion coefficient, assumed equal for all species 
= function defined by Eq. 23 or 25 

= concentration profile in Eq. 22 
= number of chemical reactions 
= equilibrium constant of reaction “i” 
= distance over which process is occurring 
= number of dependent solutes 
= total number of solutes 
= chemical reaction “i” 

the solid, respectively 
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1 

”v = stoichiometric coefficient 
7 

= dimensionless concentration defined by Eq. 24 or 
29 

= relaxation time for dissolution or precipitation 
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R & D NOTES 
Comments on the Paper, Theoretical Prediction of Effective Heat 
Transfer Parameters in Packed Beds by Anthony Dixon and D. L. 
Cresswell [ AIChE J., 25, 663 (1 979)] 

D. VORTMEYER 
and R. BERNINGER 

Technische Universitat Miinchen 
Miinchen, West Germany 

One of the paper’s main topics is the discussion on the equiva- 
lence between two phase and pseudohomogeneous mathematical 
models for packed bed analysis. Our previous work (Vortmeyer 
and Schaefer, 1974) which was related to the same problem is 
shortly discussed and criticized as being severely restricted by our 
assumptions. This criticism implies that obviously Dixon and 
Cresswell have found a more general method in order to connect 
both types of models. However a closer inspection of their work 
reveals that the obtained results are incorrect. For the sake of 
clearness we consider the adiabatic packed bed with a large ratio 
dt /dp .  The transient, twephase energy equations are written as: 

fluid: 
dT dT d2T 
dt d X  3x2  

c pf - cf - - = -7fzfcf- + kf- + a h ( 8  - T )  (1) 

solid: 

The right hand sides of both Eqs. 1 and 2 correspond to Eqs. 1 
and 2 in the paper of Dixon and Cresswell (1979). The radial terms 
are neglected because they are unimportant for that what we want 

to demonstrate. Furthermore, by including transient terms in our 
Eqs. 1 and 2, we have generalized the equations of the paper of 
Dixon and Cresswell (1979). Equation 3 represents the energy 
equation of the pseudohomogeneous model: 

The problem is how both types of models are interrelated con- 
cerning temperatures and axial dispersion coefficients. From the 
physical point of view certainly the two phase model is more re- 
alistic since it describes the heat transfer process between fluid and 
solid if ,  e.g., a packed bed is heated by a hot gas stream or if in a 
packed bed chemical reactor the heat of reaction is transferred 
from the catalyst surface to the fluid. The problem of equivalence 
is solved if it is known: i) how T and 0 of the two phase model are 
related to 0 of the one phase model; and ii) how the axial dispersion 
coefficients of both models are interconnected. 

Vortmeyer and Schaefer (1974) provided an answer by assuming 
the second derivatives of fluid and solid temperature profiles to 
be approximately the same 

(4) 
b2T d20 
6 x 2  - d X 2  
-= -  

ISSN0001-1541.82-6089-~~-$2.00 Q The Amencan Institute of Chemical Engineers. 1982. Applying this condition to Eqs. 1 and 2 of the two phase model 

Page 508 May, 1982 AlChE Journal (Vol. 28, No. 3) 




